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On the holographic complexity dual to the bulk action, we investigate the action growth
for a shock wave geometry in a massive gravity theory within the Wheeler-De Witt (WDW)
patch at the late time limit. For a global shock wave, the graviton mass does not affect the
action growth in the bulk, i.e. the complexity on the boundary, showing that the action
growth (complexity) is the same for both the Einstein gravity and the massive gravity.
Nevertheless, for a local shock wave that depends on transverse coordinates, the action
growth (complexity) is proportional to the butterfly velocity for the two gravity theories,
but the butterfly velocity of the massive gravity theory is smaller than that of the Einstein
gravity theory, indicating that the action growth (complexity) of the massive gravity is
depressed by the graviton mass. In addition, we extend the black hole thermodynamics of
the massive gravity and obtain the right Smarr formula.
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1 Introduction
The holographic principle shows [1] that the bulk dynamical evolution can be coded in the
boundary field theory without gravity. The black hole interior evolution is related to the
boundary transverse entanglement that reaches to its maximum value at the scrambling
time [2]. Based on the characteristic that the interior volume of black holes grows linearly
with respect to time, Susskind then pointed out [3, 4] that the black hole interior volume
should be dual to the complexity of the boundary system, i.e. the Complexity/Volume
(C/V) duality. If the bulk spacetime contains a shock wave, the interior volume decreases
in a specific period of time, and the observer falling into the horizon will collide the shock
wave when he arrives at the horizon. So the complexity can be regarded as a criterion of
existence of firewalls [5].
Recently, a new conjecture was proposed by Susskind and his collaborators [6, 7], in
which the boundary complexity is connected to the classical bulk action in the Wheeler-De
Witt (WDW) patch. The new assumption, referred to as the Complexity/Action (C/A)
duality, can be expressed as follows,
C =
A
pi~
, (1)
where C is the boundary complexity1 in quantum information theory and A is the total
classical gravitational action in the bulk region within the WDW patch. Compared with the
C/V duality, the C/A duality does not depend on any length scale chosen by hand, such as
the AdS curvature radius lAdS or the black hole horizon radius rh.
Given the energy of a quantum system, as already shown by Lloyd [8], the growth rate
of the bulk action or the computational rate of the boundary state should have an upper
bound,
the computational rate ≤ 2E
pi~
, (2)
where E is the excited energy of the boundary state. Substituting eq. (1) into eq. (2), one
can obtain,
dA
dt
≤ 2E. (3)
In the Einstein gravity, for instance, in the cases of the static spherical shell and the shock
wave geometry, the computational rate has been checked [7], where the equality meets for
a neutral black hole. This inequality has also been examined by Cai et al. [9], where the
1It implies the minimum numbers of quantum gates that are required to produce the corresponding state
associated with such boundary complexity from the reference state.
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universal holographic upper bound can be expressed by the difference between the value of
thermodynamics quantities at the outer horizon and that at the inner horizon.
In the recent studies [10–15] on the holographic complexity dual to the bulk action
in different gravity theories, the spacetime with a shock wave reflects more characteristics
of the boundary complexity, such as the criterion of existence of firewalls. On the other
hand, when a boundary disturbance (perturbation) depends on transverse coordinates, the
precursor operator grows in spatial directions and the complexity caused by this disturbance
is closely related to the growth velocity of disturbance in spatial directions. The growth
velocity of disturbance is the so-called butterfly velocity. The butterfly velocity has been
investigated by the calculation of the out-of-time order four-point function [16] in the cases
of the Topologically Massive Gravity (TMG) and the New Massive Gravity (NMG) [17] in
which the graviton contains a massive mode. In the TMG and NMG, the butterfly velocity
vB depends on the scaling dimension ∆ in the following way,
vB =
s− 1
∆− 1 , (4)
where s equals two for the spin of graviton, ∆ ≡ 1 +√1 + l2AdSm2, and m is the graviton
mass. One can see that the butterfly velocity of a massive mode is smaller than that of a
massless mode.
The above observations motivate us to examine the C/A duality of the shock wave
geometry in massive gravity, such as whether the C/A duality associated with a shock wave
is a general principle beyond the Einstein gravity theory, and also to study the effect of
graviton mass. We shall investigated the action growth in the bulk, i.e. the complexity
on the boundary, for the shock wave geometry in the massive gravity [18] which contains
only a massive mode.2 We find that the action growth (complexity) of the massive gravity
in the case of the global shock wave is equal to that of the Einstein gravity because the
effect of the global shock wave shifts the Kruskal coordinate v only a transverse-coordinate-
independent quantity which does not depend on the graviton mass. We also discover that
the action growth (complexity) of the massive gravity in the case of the local shock wave is
depressed by the graviton mass because the action growth (complexity) of the two gravity
theories is proportional to the butterfly velocity while the butterfly velocity of the massive
gravity is smaller than that of the Einstein gravity. In addition, we extend the black hole
thermodynamics of the massive gravity and obtain the right Smarr formula by using the
C/A duality and the new calculation method of boundary terms [19].
The paper is organized as follows. In section 2, we briefly review the black hole solution
and the shock wave geometry for the massive gravity model in the 4-dimensional spacetime.
2The TMG and NMG contain both a massive mode and a massless mode. Under some restriction, the
two gravity theories have only a massless mode.
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In section 3, we give the action growth within the WDW patch in the late time limit. Then
we extend the black hole thermodynamics of the massive gravity and give the right Smarr
formula in section 4. Finally, we give a brief summary in section 5.
2 Shock wave geometry in massive gravity
Before calculating the action growth in the WDW patch, one should get the solution of black
holes in a massive gravity theory. The action of the massive gravity [18, 20–22] contains the
Einstein-Hilbert action with a negative cosmological constant, the graviton mass terms, the
Maxwell electromagnetic action, and the York-Gibbons-Hawking surface term, appearing in
order as follows,
S =
∫
d4x
[
1
16piG
(R− 2Λ) + m
2
8piG
(α1u1 + α2u2)− 1
16pi
F 2
]
+
1
8piG
∫
d3x
√−γK, (5)
where m is the graviton mass, γ the induced metric on the boundary, and K the trace of
the extrinsic curvature. Note that u1 and u2 are associated with the graviton mass terms
and can be expressed as
u1 = trK,
u2 = (trK)2 − tr
(K2) , (6)
where the matrix K is defined by Kµν ≡
√
gµαfνα, and fµν is the non-dynamical reference
metric chosen [21] to be fµν = diag
(
0, 0, 1, sin2 θ
)
. The graviton mass terms destroy the
differemophism invariance in the transverse directions (θ, φ) of spherical coordinates but
keep the invariance in t and r directions. Parameters α1 and α2 are chosen [21] to be
negative in order to guarantee the existence of the Hawking-Page phase transition and of
the extremal configuration of the black hole with zero temperature. The equations of motion
derived from the above action read
Rµν − 1
2
gµνR− 3
l2AdS
gµν +m
2α1 (Kµν − trKgµν) +m2α2
[
2
(
trKKµν − 2KρµKρν
)]
−m2α2gµν
[
(trK)2 − tr (K)2] = 2G(FµρFνρ − 1
4
gµνF
2
)
, (7)
∇µF µν = 0. (8)
For solving the equations of motion easily, one can assume that the metric and gauge field
are only spherically symmetric, and that the gauge field only contains one scalar potential,
Aµ = (At, 0, 0, 0). In addition, the metric can be assumed to be
ds2 = −f (r) dt2 + 1
f (r)
dr2 + r2dΩ22. (9)
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Putting the assumptions into eqs. (7) and (8), one can find the following solutions,
f (r) = 1− 2GM
r
+
GQ2
r2
+
r2
l2AdS
+m2α1r + 2m
2α2, (10)
At = −Q
r
, (11)
where M and Q are the mass and total charge of black holes, respectively. In the following
we focus only on neutral black holes, so the charge Q is set to be zero.
Based on the above black hole solution, we can construct the shock wave geometry in
the conventional way by following Dary and ’t Hooft [23]. At first, the metric is written in
the Kruskal lightcone coordinates in d dimensions,
ds2 = −2A (u, v) dudv +B (u, v) dΩ2d−2, (12)
where A(u, v) and B(u, v) are defined as
A(u, v) ≡ − 4
uv
f(r)
[f ′ (rh)]2
, B(u, v) ≡ r2. (13)
The relationship between the Kruskal coordinates and the spherical coordinates is given by
u = e
2pi
β
[r∗(r)−t], v = −e 2piβ [r∗(r)+t],
uv = −e 4piβ r∗(r), u/v = −e− 4piβ t, (14)
where r∗(r) is the tortoise coordinate defined as r∗(r) ≡
∫
dr
f(r)
, and β is the inverse tempera-
ture of the black hole. Then, the shock wave geometry can be introduced in such a way that,
for u < 0, the metric eq. (12) is kept unchanged; but for u > 0, v is replaced by v + h (xi)
in eq. (12),
ds˜2 = −2A (u, v + θ(u)h(xi)) du (dv + θ(u)h,i dxi)+B (u, v + θ(u)h(xi)) dΩ2d−2, (15)
where θ(u) is the Heaviside step function and h (xi), sometimes called the shift function,
represents a boundary disturbance (perturbation) that only depends on d − 2 transverse
coordinates xi, i = 1, 2, · · · , d− 2. Introducing the following transformation of coordinates,
u′ = u,
v′ = v + θ (u)h(xi),
x′i = xi, (16)
and substituting it into eq. (15), we obtain the metric in the new coordinates,
ds˜2 = −2A (u′, v′) du′ (dv′ − δ (u′) du′) +B (u′, v′) dΩ2d−2, (17)
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where δ(u) is the Dirac δ-function, and the metrics, eq. (15) and eq. (17), are shown [23] to
be continuous. Because A(u, v) and B(u, v) are functions of r∗(r) that is function of uv (see
eq. (14)), we thus have the condition,
∂A (u, v)
∂v
∣∣∣∣
u=0
=
∂B (u, v)
∂v

u=0
. (18)
It is convenient to calculate the Ricci tensor Rµ′ν′ by using the metric eq. (17) in the
4-dimensional spacetime. Then, we transform Rµ′ν′ to its form in the original coordinates
(u, v, θ, φ), i.e. Rµν . Using the condition eq. (18), we can simplify Rµν through an algebraic
computation,
Ruu =
A
B
δ(u)4h(θ, φ) +
[
A,uv
A
− 2
(
A,uv
A
+
B,uv
B
)]
δ(u)h(θ, φ)
+
1
2B2
(
2A,uBB,u
A
+B,2u−2BB,uu
)
δ(u)h(θ, φ),
Ruv = −
(
A,uv
A
+
B,uv
B
)
,
Ruθ = −θ(u)h,θ (θ, φ)
(
A,uv
A
+
B,uv
B
)
,
Ruφ = −θ(u)h,φ (θ, φ)
(
A,uv
A
+
B,uv
B
)
,
Rθθ = 1 +
B,uv
A
,
Rφφ = 1 +
B,uv
A
. (19)
Substituting the above components of the Ricci tensor Rµν into the equations of motion
eq. (7), we finally derive3
Euu = E
0
uu −
A
B
δ(u)4h(θ, φ) +
[
A,uv
A
− 2
(
A,uv
A
+
B,uv
B
)]
δ(u)h(θ, φ),
Euθ = −θ(u)h,θ (θ, φ)
(
A,uv
A
+
B,uv
B
)
,
Euφ = −θ(u)h,φ (θ, φ)
(
A,uv
A
+
B,uv
B
)
,
Euv = E
0
uv, Eθθ = E
0
θθ, Eφφ = E
0
φφ, (20)
where E0µν stands for the tensor without a shock wave and can be omitted directly as it
satisfies the vacuum field equation. The stress-energy tensor for a particle located at u = 0
3As mentioned under eq. (11), we only deal with neutral black holes, so that the right hand side of eq. (7)
equals zero. That is, the equations of motion eq. (7) can be simplified to be Eµν = 0, where the tensor Eµν
is defined as the left hand side of eq. (7).
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has only uu component, so that we get Euθ = Euφ = 0 which implies
A,uv
A
+
B,uv
B
= 0. (21)
As a result, only the uu component is non-trivial,
−A(0)
B(0)
4h(θ, φ)− B,uv (0)
B(0)
h(θ, φ) = 8piGTuu. (22)
Let us consider a special case. When the shift function is independent of the transverse
coordinates (θ, φ), i.e. for the global shock wave, the first term in eq. (22) vanishes, we thus
obtain the transverse-coordinate-independent shift from eq. (22),
h =
8piGA(0)
A,uv (0)
Tuu ∝ e
2pi
β
(|tw|−t∗), (23)
where the stress-energy tensor takes the form Tuu =
E
l2AdS
e
2pi
β
|tw|, and t∗ is the scrambling time
t∗ =
β
2pi
ln
l2AdS
cG
with c an undetermined coefficient used to absorb the constant in front of the
exponent. The stress-energy tensor can be obtained by boosting a particle from tw = 0 to
tw → −∞ that is located at the position close to the past horizon and has the asymptotic
energy E , where E tends to zero while keeping a finite Ee 2piβ |tw|.
3 Action growth
3.1 The case with no shock waves
The complexity of a boundary state corresponds to the classical action in the WDW patch.
As discussed by Brown et al. [7], the action growth outside a black hole is infinite but
independent of time due to the time-translation symmetry of static solution. So the action
growth rate4 outside the black hole is vanishing, that is, the contribution of this region to
the action growth can be omitted. Thus, we just consider the contribution that comes from
the regions behind horizons. At the late time, i.e. tL + tR  β, where tL and tR are set to be
positive and denote the left and right boundary times, respectively, the contribution from
the region behind the past horizon shrinks exponentially to zero in the case of black holes
without a shock wave. Therefore, we only need to consider the contribution from the region
behind the future horizon.
The gravitational action of interior region is
Abulk = Ω2
∫ rh
0
∫ t+(r∗)
t−(r∗)
L (gµν) r2dtdr, (24)
4It is defined as the derivative of action growth with respect to time.
7
Figure 1: t+(r∗) and t−(r∗) can be determined by the correlations t+(r∗) = −r∗+lnv0 and t−(r∗) = r∗−lnu0
on a constant r surface.
where t−(r∗) and t+(r∗) are the left and right boundaries, respectively, of the WDW patch
in a constant r spacelike slice behind the future horizon. See Figure 1 and its caption for
the details. Note that the Lagrangian is independent of coordinate t in the case of static
solution. So we can work out the t integration directly and keep only the radial integral
from the singularity to the black hole radius. To do the time integration, we can re-express
the range of integration in terms of u and v by the relation eq. (14), and then put the metric
function eq. (10) into the r integral,
Abulk = Ω2
β
2pi
ln(u0v0)
∫ rh
0
L (gµν) r2dr
= − 1
2G
[
r3h
l2AdS
+
m2α1
2
r2h
]
β
2pi
ln(u0v0), (25)
where u0 and v0 are left and right boundary values, respectively, and can be written in terms
of the boundary times tL and tR as
u0 = e
2pi
β
tL , v0 = e
2pi
β
tR . (26)
Similarly, we can derive the boundary contribution by using the trace formula of the
extrinsic curvature on a constant r surface, K = f
′(r)
2
√
f(r)
+
2
√
f(r)
r
,
Aboundary =
1
2G
[
r3h
l2AdS
+
m2α1
2
r2h + 4GM
]
β
2pi
ln(u0v0). (27)
Adding eq. (25) and eq. (27) together, we obtain the total action growth in the WDW
patch,
AWDW = Abulk + Aboundary = 2M
β
2pi
ln(u0v0) = 2M (tL + tR) . (28)
The growth rate of boundary complexity can be calculated by taking the derivative of action
with respect to the corresponding boundary time and keeping the other boundary time fixed.
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For example, we can calculate the action growth rate with respect to the left boundary time
as follows,
dAWDW
dtL
= 2M, (29)
which coincides with the result given by ref. [24] in which no shock waves are considered.
This result implies that the computational rate of the neutral black hole that saturates the
Lloyd bound is the fastest in the nature.
3.2 The case with a global shock wave
The initial state of a black hole can be modeled [25] by the thermofield double (TFD)
state, |TFD〉, and a shock wave sent at time tw into the bulk spacetime corresponds to the
precursor operator W (t) acting at tw on the boundary system, where W (tw) takes the form,
W (tw) = e
iHLtwWe−iHLtw . With the considerations, the initial state of a black hole can be
written as W (tw) |TFD〉, and its time evolution is thus given by
e−iHLtLe−iHRtRW (tw) |TFD〉 , (30)
where HL and HR are Hamiltonians on the left and right boundaries, respectively, and tw
tends to −∞.
When the spacetime contains a global shock wave, the Kruskal diagram has two different
situations in the late time limit. In one situation, the two boundaries of the WDW patchM
intersect behind the past horizon and in the other situation, the boundaries of the WDW
patchM touch the past singularity. The shape of the WDW patch depends on the value of
the shift h which is independent of transverse coordinates. From Figure 1, we can determine
the value of a small h by the relation u−10 +h < v0, and the value of a large h by the relation
u−10 + h > v0. When considering the late time limit and using eq. (26), we can rewrite the
two inequalities to be |tw| − t∗ < tR and |tw| − t∗ > tR. We shall explain at the end of this
subsection that the latter relation can be regarded as a criterion to judge whether the right
boundary observer can encounter the firewall or not.
As discussed by Susskind [7], when the value of h is small, the action growth emerges
merely from the region behind the future horizon,
A|tw|−t∗6tR = 2M (tL + tR) , (31)
because the contribution from the region behind the past horizon tends to zero. Note that
this result is same as that of the case with no shock waves, see eq. (28).
When the value of h is large, both the regions behind the future horizon and the past
horizon should be considered. For the region behind the future horizon, the right boundary
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of the WDW patch is vR = v0 + h due to the existence of the shock wave, so this part of
contributions to the action growth reads
Afuture = 2M (tL + |tw| − t∗) . (32)
For the region behind the past horizon, the location of the left boundary of the WDW patch
is uL = −v−10 −h, and that of the right boundary is uR = −v−10 , where the relation uv = −1
at the spacetime boundary has been used. We thus obtain the contribution from the region
behind the past horizon,
Apast = 2M (−tR + |tw| − t∗) . (33)
As a result, the total action growth in the WDW patch with a large h is
A|tw|−t∗>tR = Afuture + Apast = 2M [tL − tR + 2 (|tw| − t∗)] . (34)
The first two terms in the bracket correspond the complexity induced by the evolution of the
system itself. The complexity grows with respect to the left boundary time tL, but decreases
with respect to the right boundary time tR. This is in agreement with the fact that the
shock wave is launched from the left boundary, accesses the black hole, and then approaches
the right horizon, which implies that a right boundary observer can meet the shock wave
by the time tR under the condition tR 6 |tw| − t∗. The terms in the parenthesis stand for
the complexity induced by the boundary disturbance. The action growth in |tw| is twice the
growth in tL, coming from the fact that W (tw) is made up of two time evolution operators,
each of which accrues complexity linearly with time. Additionally, the phenomenon that
the action growth in |tw| is delayed by a scrambling time t∗ corresponds to the so-called
“switchback” effect [5].
3.3 The case with a local shock wave
Geometrically, when the spacetime contains a local shock wave, the shift function depends
on transverse coordinates, so the state of the boundary system is given by
e−iHLtLe−iHRtRWx(tw)|TFD〉, (35)
where Wx(tw) is the precursor operator, Wx(tw) = e
iHLtwWxe
−iHLtw , and Wx is localized on
the boundary at x. Note that for a local shock wave the operator Wx(tw) grows in spatial
directions and the complexity growth due to the boundary disturbance depends on its growth
velocity, i.e. the butterfly velocity in spatial directions.
Because the shift function of a local shock wave depends on transverse coordinates,
we have to solve eq. (22). For simplicity but without loss of generality, we just discuss
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the 3-dimensional case in which there exists only one transverse coordinate denoted by x.
Multiplying eq. (22) by the coefficient B(0)/A(0), we get the desired equation,
− d
2
dx2
h(x) + µ2h(x) = 8piG
B(0)
A(0)
e
2pi
β
|tw|δ(x), (36)
where the parameter µ2 is defined as
µ2 ≡ −B,µν (0)
2A(0)
. (37)
The solution can be expressed as
h(x) ∼ e 2piβ (|tw|−t∗)−µ|x| = e 2piβ
(
|tw|−t∗− |x|vB
)
, (38)
where vB is defined by [2, 26]
vB ≡ 2pi
βµ
, (39)
which is called the butterfly velocity meaning the spread speed of the local disturbance on
the boundary. Substituting the expression of the shift eq. (38) into the action behind the
future horizon,5 we have
Afuture = 2M
β
2pi
1
L
∫
lne
2pi
β
(
|tw|−t∗+tL− |x|vB
)
dx, (40)
where L ≡ ∫ dx is the length of the transverse direction that goes to infinite for a planar
black hole. Similarly, substituting the expression of the shift eq. (38) into the action behind
the past horizon, we obtain
Apast = 2M
β
2pi
1
L
∫
lne
2pi
β
(
|tw|−t∗−tR− |x|vB
)
dx. (41)
Now we add the above two actions together and choose the upper limit of integral at which
the effect of the shock wave tends to zero. Note that the effect of shock waves emerges when
the “large shift condition” u−10 + h(x) ≥ v0 is guaranteed, that is |tw| − t∗ − |x|vB ≥ tR. Thus,
the maximal transverse coordinate, |x| = vB (|tw| − t∗ − tR), should be the upper limit of
the integral, and the final result6 is
A = Afuture + Apast = 2M (tL + tR) + 2DvB (|tw| − t∗ − tR)2 , (42)
5The action behind the future horizon takes the form, Afuture = 2M
β
2pi
∫
ln(u0vR)dx, where vR is the
right boundary of the WDW patch, vR = v0 + h(x).
6In d dimensions the action growth takes the form, A = 2M (tL + tR)+4Dvd−2B Ωd−3 (|tw|−t∗−tR)
d−1
(d−1)(d−2) , where
D ≡M/Ld−2.
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where D is the energy density that satisfies D = M/L in the transverse direction. As
discussed in the beginning of this subsection, we can see from eq. (42) that the action
growth depends indeed on the butterfly velocity. In addition, the second term of the action
growth depends on tR but not on tL because the local shock wave reaches the right side of
black holes, which can be seen geometrically from Figure 1.
Considering the effect of graviton mass terms, we calculate the butterfly velocity as
follows. The key point is to work out µ defined by eq. (37).
Because the functions A(u, v) and B(u, v), see eq. (13), are unary functions of variable
uv, the partial derivative of function B(u, v) with respect to u and v at uv = 0 can be
expressed as B′(0),
lim
u→0
∂
∂u
∂
∂v
B(uv) = lim
u→0
∂
∂u
[B′(uv)u] = lim
u→0
[B′′(uv)uv +B′(uv)] = B′(0). (43)
Thus, µ2 can be expressed as
µ2 = −B,uv (0)
2A(0)
= −B
′(0)
2A(0)
. (44)
Moreover, considering the conditions,
A(0) = − 2
κ
dr
d(uv)
∣∣∣∣
u=0
, B′(0) = 2rh
dr
d(uv)
∣∣∣∣
u=0
, (45)
we derive from eq. (44) the desired result, µ2 = κrh/2. Substituting this result into the
definition of the butterfly velocity eq. (39), we obtain7
vB =
√
κ
2rh
. (46)
Now we compute the butterfly velocity for the Einstein gravity and the massive gravity.
For the former with the metric function, f(r) = 1 − 2GM
r
+ r
2
l2AdS
, and the surface gravity,
κ = f ′(rh)/2, the butterfly velocity reads
v˜B =
√
1
2
(
1
l2AdS
+
GM
r3h
)
. (47)
For the latter with the metric function, fˆ(r) = 1− 2GM
r
+ r
2
l2AdS
+m2α1r + 2m
2α2, where the
hat labels quantities corresponding to the massive gravity, the butterfly velocity takes the
form,
vˆB =
√
1
2
(
1
l2AdS
+
GM
rˆ3h
+
m2α1
rˆh
)
, (48)
7The butterfly velocity was calculated in ref. [27] for some 3-dimensional gravity models.
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where rˆh is the solution of equation fˆ (rˆh) = 0.
Next we compare the butterfly velocities of the two gravity theories and then determine
the size relation of the corresponding action growths. Because the both coupling constants
α1 and α2 are negative, the metric function in the massive gravity is smaller than that in
the Einstein gravity when M and lAdS are fixed, namely,
fˆ(r)− f(r) = m2α1r + 2m2α2 < 0. (49)
As the values of horizon radii rh and rˆh are determined by equations f(rh) = 0 and fˆ (rˆh) = 0,
respectively, we can deduce by using eq. (49),
fˆ(rh) < 0 = fˆ (rˆh) . (50)
Note that the metric function fˆ(r) is negative when r is smaller than rˆh, so eq. (50) implies
rh < rˆh, (51)
which gives rise to
1
l2AdS
+
M
rˆ3h
<
1
l2AdS
+
M
r3h
. (52)
In addition, considering m2α1/rˆh < 0, we can definitely determine
vˆB < v˜B. (53)
This means that the butterfly velocity in the massive gravity is smaller than that in the
Einstein gravity. As a result, the action growth or the complexity in the massive gravity is
less than that in the Einstein gravity due to the effect of the graviton mass in accordance
with eq. (42). Because the action growth rate is defined as the derivative of the action growth
with respect to time, the same speculation can be made for the action growth rate in the
bulk or the computational rate on the boundary.
4 Implication of C/A duality from a new calculation
method of boundary terms
Parattu et al. demonstrated [28, 29] that the York-Gibbons-Hawking boundary term is a
failure when the boundary is null-like. Furthermore, Lehner et al. proposed [30] that extra
terms are needed when the boundary is non-smooth. The boundary term of the WDW patch
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is null-like at the future horizon and the intersection of two past boundaries behind the past
horizon is singular. Therefore, the following counter terms should be added,
1
8piG
∫
N
d3x
√−gλ+ 1
8piG
∮
B
d2x
√
γa, (54)
which can overcome the problems caused by the null-like boundaries and the singularity. Here
the notations should be explained. N is a null-like boundary and B is the intersection of two
past boundaries. γab is the reduced 2-metric on B. The definition of a is a ≡ ln
(
k · k¯), where
k and k¯ are the null normals to the corner pieces defined as ka ≡ −c∇av and k¯a ≡ c¯∇au
with constants c and c¯, and λ is defined by
ka∇akb ≡ λkb, (55)
or
λ ≡ −nbka∇akb, (56)
when an auxiliary vector na satisfying n · k = −1 is introduced.
Following refs. [28, 29], Lehner et al. gave [30] a detailed argument that the null bound-
aries lying on the horizon do not contribute to the action growth. But in Brown’s calcula-
tion [7] the null boundaries have their contributions, where the WDW patch is divided into
two pieces and only the one behind the horizon is considered. This seeming contradiction
can be explained clearly. As the future horizon divides a region into two sub-regions, it can
be regarded as the common boundary of the two sub-regions. Actually, the boundary terms
of the two sub-regions cancel each other. In addition, since the boundary of the WDW
patch is not smooth, one has to take into account the contribution located at the corner
(the blue point in Figure 2). As a summary, the action should be calculated by considering
the contributions from the interior of the WDW patch, the boundary located at the future
singularity which is spacelike, and the corner of the past boundary of the WDW patch. The
corresponding regions are depicted in Figure 2. Couch et al. recalculated [19] the action in
the Einstein gravity and found that all terms can be expressed as thermodynamical quanti-
ties. They also presented a new conjecture called “C/V duality 2.0”. In the Einstein gravity,
the action growth comes from the regions behind the horizon, the boundary located in the
future singularity, and the corner of the past boundary. The contributions can be expressed
as −PV , 3M/2, and TS, respectively. The total contribution of the three terms equals
3M/2 + TS − PV = 2M , which is in fact the Smarr formula M = 2TS − 2PV . This result
coincides with that obtained by Brown et al. [7].
Now we extend the above result to the massive gravity theory. Using the result eq. (25)
directly, we can write the bulk contribution in the form,
Abulk = −
[
PV +
1
2
(
∂M
∂α1
)
S,P
α1
]
(tL + tR) , (57)
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Figure 2: The interior contribution (dark red region), the spacelike boundary contribution (green line),
and the boundary singularity contribution (blue point) of action growth are shown in this figure.
where P = 3/(8piGl2AdS) and V = 4pir
3
h/3 as usual. If we regard m
2α1 ≡ Z as a new
thermodynamic quantity, its conjugate can be defined as
(
∂M
∂Z
)
S,P
≡ Y . Then the bulk
action can be rewritten manifestly in terms of thermodynamic quantities,
Abulk = −
(
PV +
1
2
Y Z
)
(tL + tR) . (58)
As a result, we extend the first law of thermodynamics to be
dM = TdS + V dP + Y dZ, (59)
where the dimensional scaling of Z is the inverse of length. Note that α2 cannot be regarded
as a thermodynamic quantity because it does no appear in the bulk action, or in other words,
it does not appear in the boundary complexity from the point of view of holographic duality.
The boundary contribution is
Aboundary = − 1
2G
[
r2f ′(r)
2
+ 2r2f(r)
]∣∣∣∣
r=0
(tL + tR) =
3M
2
(tL + tR) , (60)
which comes only from the future spacelike singularity. In addition, the contribution from
the corner reads
2
∮
B′
d2x
√
γa− 2
∮
B
d2x
√
γa = 2Ω2
[
r2ln
(
− f
cc¯
)]∣∣∣∣rB′
rB
, (61)
where B and B′ are intersections corresponding to the past boundary attached to the left
boundary at time tL and at time tL + δt, respectively. When the left boundary time tL
changes, i.e. the left intersection between the WDW patch and the boundary of spacetime
(see Figure 2) moves up or down, the location of the corner moves along the direction v.
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This means that du = 0, dv = δt, and dr = −1
2
fδt. Therefore, the corner contribution can
be reduced to be
2Ω2
[
r2ln
(
− f
cc¯
)]∣∣∣∣rB′
rB
= −Ω2f df
dr
∣∣∣∣
r=rB
δt
= Ω2
[
r2
df
dr
+ 2rf ln
(
− f
cc¯
)]∣∣∣∣
r=rB
δt. (62)
Note that we focus on the case of the late time limit, where the corner is close to the bifurcate.
In this limit, the second term in the bracket tends to zero and the first term to TS generally
when the black hole has the spherical symmetry. Combining the above results together, we
obtain 3M/2 + TS − PV − 1
2
Y Z = 2M . It is in fact the Smarr formula,
M = 2TS − 2PV − Y Z, (63)
which can also be derived by using the scaling law of homogeneous functions directly from
the extended first law eq. (59). Note that the dimensional scaling of m2α2 is zero, so α2 does
not appear in the Smarr formula, which coincides with the above mentioned observation that
α2 does not appear in the bulk action eq. (57).
Consequently, we regard Y and Z as a new pair of thermodynamic quantities conjugate
to each other and give the extended first law of thermodynamics by adopting the C/A duality
and admitting [19] the point of view that the quantity, i.e. Y Z that appears in holographic
complexity should be a thermodynamic quantity.
5 Conclusion
We investigate the C/A duality of shock wave geometry in the massive gravity theory, in-
cluding the global and local shock waves.
In the case of a global (spherically symmetric) shock wave, the action growth is the same
for both the Einstein gravity and the massive gravity. It contains the Hamiltonian evolutions
of the boundaries and of the global shock wave, see eqs. (31) and (34) that correspond to a
small and large transverse-coordinate-independent shift h, respectively. The contribution of
the boundaries is proportional to the left and right boundary times, tL and tR. For a small
shift h, the action growth is same as that of the case with no shock waves, that is, the global
shock wave has no contribution to the action growth. For a large shift h, the action growth
in |tw| − t∗ is twice that in tL− tR, that is, the global shock wave has the contribution twice
that of the boundary. We can think that this originates from the double evolutional time
of the precursor operator W (tw) = e
iHLtwWe−iHLtw . Incidentally, our result characterized
by the twice deduction by the scrambling time agrees with the quantum circuit model [31].
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In addition, when the spacetime contains several global shock waves, the action growth is
proportional to the fold-time tf [7, 32] subtracted by the double scrambling time for each
shock wave, which coincides with the analysis of the boundary theory.
In the case of a local shock wave, the action growth takes the same form for both the
Einstein gravity and the massive gravity, see eq. (42) whose second term is proportional
to the butterfly velocity vB. Since the boundary disturbance depends on the transverse
coordinate in this case, i.e. the shift h(x) is a function of the transverse coordinate x, the
graviton mass leads to the effect that the butterfly velocity in the massive gravity is smaller
than that in the Einstein gravity, see eq. (53) and its preceding analysis. We thus conclude
that the action growth or the complexity in the massive gravity is less than that in the
Einstein gravity. In other words, the action growth or the complexity in the massive gravity
is depressed by the graviton mass, so is the action growth rate or the computational rate.
Finally, we recalculate the action growth by using the method proposed by Lehner et
al. [30] and express it in terms of thermodynamic quantities as done by Couth et al. [19].
Admitting the point of view that the quantity that appears in holographic complexity should
be a thermodynamic quantity, we generalize the first law of the massive Schwarzschild-AdS
black hole, see eq. (59). Moreover, we give the Smarr formula by reconciling the method by
Lehner et al. [30] and that by Couth et al. [19], which further supports the C/A duality.
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